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A BOUND FOR THE PERIMETER OF INNER PARALLEL BODIES
SIMON LARSON
Abstract. We provide a sharp lower bound for the perimeter of the inner parallel sets of a
convex body Ω. The bound depends only on the perimeter and inradius r of the original body
and states that
|∂Ωt| ≥
(
1−
t
r
)
n−1
+
|∂Ω|.
In particular the bound is independent of any regularity properties of ∂Ω. As a by-product of
the proof we establish precise conditions for equality. The proof, which is straightforward, is
based on the construction of an extremal set for a certain optimization problem and the use
of basic properties of mixed volumes.
1. Introduction
Given a convex domain Ω ⊂ Rn we consider the family of its inner parallel sets. We denote
by Ωt the inner parallel set at distance t ≥ 0, which is defined by
Ωt = {x ∈ Ω : dist(x,Ωc) ≥ t} = Ω ∼ tB.
Here B is the unit ball in Rn and ∼ denotes the Minkowski difference; a precise definition is
given in Section 1.1. Correspondingly, the outer parallel set at distance t ≥ 0 is the set
{x ∈ Rn : dist(x,Ω) ≤ t} = Ω+ tB,
where + denotes the Minkowski sum. In this paper we provide a lower bound for the perimeter
of Ωt in terms of the perimeter of Ω.
An important result in the theory of outer parallel sets is the so-called Steiner formula
(1) |Ω + tB| =
n∑
i=0
(
n
i
)
tiWi(Ω),
where coefficients Wi of the polynomial are the quermassintegrals of Ω, which are a special case
of mixed volumes (see Section 1.1). The set of quermassintegrals contains several important
geometric quantities: for instance we have that W0(Ω) = |Ω| and nW1(Ω) = |∂Ω|. There are
analogous formulae to (1), called the Steiner formulae [14], that express the value of the i-th
quermassintegral of Ω + tB in terms of Wj(Ω), for i ≤ j ≤ n. The Steiner formula appears
not only in convex geometry, and important applications may be found in Federer’s work on
curvature measures in geometric measure theory (see [5]) and Weyl’s tube formula in differential
geometry (see [17]).
For inner parallel sets there is, in general, no counterpart to the Steiner formula. Matheron
conjectured in [11] that the volume of a Minkowski difference is bounded from below by the
alternating Steiner polynomial. If we restrict our attention to inner parallel sets he conjectured
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that
|Ω ∼ tB| ≥
n∑
i=0
(
n
i
)
(−t)iWi(Ω).
The precise conjecture was a more general statement where B is replaced by a general convex
body and the quermassintegrals are replaced by mixed volumes. However, the conjecture was
proved to be false by Herna´ndez Cifre and Saor´ın in [7].
In addition to the lack of a Steiner-type formula, the Minkowski difference is far from being
as well behaved as the Minkowski sum. In contrast to the Minkowski sum the difference is not
a vectorial operation. Moreover, the regularity properties of Ω ∼ tB may be very different from
those of Ω. Both of these properties are demonstrated in Figure 1. Nonetheless, the theory of
inner parallel sets is rich and has several beautiful applications in both convex geometry and
analysis (see for instance [2, 4, 10, 12, 13]).
In [8] the authors prove bounds for the quermassintegrals of inner parallel sets in a more
general setting than that described above. Instead of considering the sets Ω ∼ tB, t ≥ 0, they
consider Ω ∼ tE for some convex set E. The inequalities obtained in this paper are closely related
to those in [8], and using similar techniques the results here could, at least in some sense, be
generalized to the same setting. However, in such generalizations the connection to the spectral
theoretic applications that motivated the work in this paper is lost.
t
Ω˜t Ω˜
t
Ω̂t Ω̂
t
Ωt Ω
Figure 1. The inner parallel sets of some convex bodies in R2. Note that Ω˜t
is equal to Ω̂t even though Ω˜ 6= Ω̂.
The main result of this paper is an improvement of the following theorem which is obtained
in [16] using the Steiner formula to bound the perimeter of outer parallel sets.
Theorem 1.1 (Modified Steiner inequality [16]). Let Ω be a convex domain in Rn with volume
|Ω| and surface area |∂Ω| such that at each point the principal curvatures of ∂Ω are bounded from
above by 1/K for some K > 0. Then for any t ≥ 0 we have the bound
|∂Ωt| ≥ |∂Ω|
(
1− n− 1
K
t
)
+
.
Further, for any 0 ≤ t < K the principal curvatures of ∂Ωt are bounded from above by (K− t)−1.
Our study of this problem is motivated by work of Geisinger, Laptev and Weidl in [6] where
they use Theorem 1.1 to obtain bounds on the Riesz eigenvalue means for the Dirichlet Laplacian
on a convex domain Ω ⊂ Rn. For convex domains in the plane satisfying the inequality
(2) |∂Ωt| ≥
(
1− 3t
ω
)
+
|∂Ω|,
where ω denotes the width of Ω, the authors further improve these bounds. Moreover, the
authors conjecture that (2) holds for any planar convex domain. In this paper we prove that the
bound (2) holds for any convex set in R2 and that similar bounds hold in arbitrary dimension.
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We now turn to our main result which is contained in the next theorem. In [9] the techniques
of [6] are combined with this result to obtain further geometrical improvements of Berezin-type
bounds for the Dirichlet eigenvalues of the Laplacian on convex domains.
Theorem 1.2. Let Ω ⊂ Rn be a convex domain with inradius r. Then, for any inner parallel
set Ωt, t ≥ 0, it holds that
|∂Ωt| ≥
(
1− t
r
)n−1
+
|∂Ω|.
Further, equality holds for some t ∈ (0, r) if and only if Ω is homothetic to its form body1. If this
is the case equality holds for all t ≥ 0.
Using the above theorem and known bounds for the inradius and width of a convex body
we are able to conclude that the conjectured inequality (2) holds and provide the following
generalization to higher dimensions.
Corollary 1.3. Let Ω ⊂ Rn be a convex domain with width ω. Then, for the inner parallel sets
of Ω we have that
|∂Ωt| ≥
(
1− 2
√
n
ω
t
)n−1
+
|∂Ω| if n is odd,
|∂Ωt| ≥
(
1− 2(n+ 1)
ω
√
n+ 2
t
)n−1
+
|∂Ω| if n is even.
In both cases equality holds if Ω is a regular (n+ 1)-simplex.
The result developed here is in several aspects an improvement of Theorem 1.1. Firstly, the
assumptions on Ω are less restrictive. We require only convexity whilst the earlier result requires
the principal curvatures of ∂Ω to be bounded. Further, by noting that(
1− t
K
)n−1
+
≥
(
1− (n− 1)
K
t
)
+
and that the maximum of the principal curvatures of the boundary of a convex set is always larger
than the reciprocal of its inradius one can conclude that Theorem 1.2 implies Theorem 1.1. We
also note that if t is less than the reciprocal of the maximal principal curvature then Ω = Ωt+tB.
In general the set Ω cannot be determined from Ωt and t.
1.1. Notation and preliminaries. Let Kn0 denote the set of all convex bodies in Rn that have
nonempty interior. Throughout the paper Ω will belong to Kn0 . Let B denote the closed unit ball
in Rn and let Sn−1 denote the corresponding sphere. A closed ball of radius r centred at x ∈ Rn
is denoted by Br(x). For notational simplicity we denote both volume and surface measure by |·|.
This will appear in two forms, the volume of a set |Ω| and the surface measure of its boundary
|∂Ω|. Further, we will make use of the notation x± = (|x| ± x)/2.
For two sets K,L ∈ Kn0 the Minkowski sum (+) and difference (∼) are defined by
K + L := {x+ y : x ∈ K, y ∈ L},
K ∼ L := {x ∈ Rn : x+ L ⊆ K}.
It is a direct consequence of the definitions that we, as claimed in the introduction, equivalently
can define the inner parallel body Ωt, t ≥ 0, as Ω ∼ tB [14]. Similarly the outer parallel body
can be written as Ω + tB.
1The precise definition of the form body of a convex set Ω will be given in Section 1.1 (see also [8, 14]).
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The inradius r of a set Ω ∈ Kn0 is defined as the radius of the largest ball contained in Ω, or
equivalently (see for instance [14]) as
r = sup{λ ≥ 0 : Ω ∼ λB 6= ∅}.
The observation contained in the next lemma is intuitively clear but of central importance in
what follows.
Lemma 1.4. Let Ω ∈ Kn0 have inradius r0. Then, for any t ∈ [0, r0] the inradius rt of Ωt
satisfies
rt = r0 − t.
Proof. Let x0 ∈ Rn be such that Br0(x0) ⊆ Ω. For each x ∈ Br0(x0) we have that dist(x, ∂Ω) ≥
dist(x, ∂Br0(x0)) and hence
Ωt ⊇
(
Br0(x0)
)
t
= B(r0−t)(x0).
We conclude that rt ≥ r0 − t. To prove the reverse inequality we observe that for any xt ∈ Rn
such that Brt(xt) ⊆ Ωt we have that dist(Brt(xt), ∂Ω) ≥ t. Which implies that
B(rt+t)(xt) = Brt(xt) + tB ⊆ Ω,
and consequently r0 ≥ rt + t. 
A classic result in convex geometry is that the volume of a Minkowski sum λ1K1+ · · ·+λmKm
is, for λ1, . . . , λm ≥ 0 and K1, . . . ,Km ∈ Kn0 , a homogeneous n-th degree polynomial in the λi
with positive coefficients (see [3, 14]). That is, we can write
|λ1K1 + · · ·+ λmKm| =
m∑
i1=1
. . .
m∑
in=1
λi1· · ·λinW (Ki1 , . . . ,Kin),
where W is symmetric with respect to its arguments. The W (Ki1 , . . . ,Kin) are called the mixed
volumes ofK1, . . . ,Km. In what follows we will use several properties ofW. We list the properties
here and for proofs refer to [3, 14]:
• W is a symmetric functional on n-tuples of sets in Kn0 .
• W is multilinear with respect to Minkowski addition:
W (λK + λ′K ′,K2, . . . ,Kn) = λW (K,K2, . . . ,Kn) + λ
′W (K ′,K2, . . . ,Kn).
• W is monotonically increasing with respect to inclusions.
• W is invariant under translations in each argument.
• The perimeter of K ∈ Kn0 is, up to a constant, equal to a mixed volume:
|∂K| = nW (B,K, . . . ,K).
We will by h(K,u) denote the support function of K ∈ Kn0 which is defined for any u ∈ Rn as
h(K,u) = sup
x∈K
〈x, u〉.
The restriction of h(K,u) to u ∈ Sn−1 reduces to the function describing the distance from
the origin to the supporting hyperplane of K with normal u. In what follows we denote such a
supporting hyperplane byH(K,u). We then have the following characterization of the supporting
hyperplanes of K:
H(K,u) = {x ∈ Rn : 〈x, u〉 = h(K,u)}.
The following properties of h(K,u) will be needed later:
• For any K,L ∈ Kn0 and α, β > 0 it holds that
h(αK + βL, u) = αh(K,u) + βh(L, u).
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• For any u ∈ Sn−1 and K,L ∈ Kn0 it holds that
h(K ∼ L, u) ≤ h(K,u)− h(L, u).
• For x ∈ ∂(K ∼ L) there exists a normal vector u of ∂(K ∼ L) at x such that
h(K ∼ L, u) = h(K,u)− h(L, u).
Proofs of the above properties can be found in [14].
The width ω of Ω ∈ Kn0 is defined as
ω = inf{h(Ω, u) + h(Ω,−u) : u ∈ Sn−1}.
A point x ∈ ∂Ω is called regular if the supporting hyperplane at x is uniquely defined, that is if
there is a unique u ∈ Sn−1 such that
x ∈ H(Ω, u) ∩ Ω.
The set of all regular points of ∂Ω is denoted by reg(Ω). We also let U(Ω) denote the set of all
outward pointing unit normals to ∂Ω at points of reg(Ω).
We are now ready to define the form body Ω∗ of a set Ω ∈ Kn0 , which, following [14], is defined
by
Ω∗ =
⋂
u∈U(Ω)
{x ∈ Rn : 〈x, u〉 ≤ 1}.
If Ω is a polytope then Ω∗ is the polytope that has the same set of normals as Ω, but with each
face translated so that it is tangent to the unit ball. If instead the boundary of Ω is smooth (in
which case every point is regular) then Ω∗ = B.
rΩ 1
Ω∗
rΩ˜ 1
Ω˜∗
Figure 2. The form body of two convex sets in R2.
The following lemma will be needed in our main proof and is an almost direct consequence of
the definitions of Ω∗ and r combined with the fact that almost every point of ∂Ω is regular.
Lemma 1.5. Let Ω ∈ Kn0 have inradius r. Then there exists x ∈ Rn such that x+ rΩ∗ ⊆ Ω.
2. Proof of the main result
The idea of the proof is as follows: Given a set Ω ∈ Kn0 and t ≥ 0 we construct a convex set Ω˜
such that Ω˜t = Ω and |∂Ω˜| ≥ |∂Ω̂| for any other set Ω̂ ∈ Kn0 satisfying Ω̂t = Ω. If we can prove
Theorem 1.2 for such Ω˜ it clearly holds also for any other convex set satisfying Ω̂t = Ω. Since
the choice of Ω and t was arbitrary this completes the proof.
We begin by constructing the set Ω˜. In the case where Ω is a polygon this problem has the
fairly intuitive solution that Ω˜ is the polygon with the same faces as Ω, only moved a distance t
along their outward pointing normals. The following lemma tells us that a generalization of this
intuitive solution actually works for any possible Ω.
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Lemma 2.1. Let Ω ∈ Kn0 and let Ω∗ denote its form body. Then, for any t ≥ 0 the maximization
problem
max{|∂Ω̂| : Ω̂ ∈ Kn0 , Ω̂t = Ω}
is solved by Ω˜ = Ω + tΩ∗.
Proof. Recalling the properties of the support function, we have that for any x ∈ ∂Ω = ∂(Ω̂ ∼ tB)
there exists a u ∈ Sn−1 normal to ∂Ω at x such that
h(Ω̂ ∼ tB, u) = h(Ω̂, u)− h(tB, u) = h(Ω̂, u)− t.
Rearranging this we find for all u ∈ U(Ω) that h(Ω̂, u) = h(Ω, u) + t. Therefore, it follows that
Ω̂ ⊆
⋂
u∈U(Ω)
{x ∈ Rn : 〈x, u〉 ≤ h(Ω, u) + t}
=
⋂
u∈U(Ω)
{x ∈ Rn : 〈x, u〉 ≤ h(Ω, u) + h(tΩ∗, u)}
=
⋂
u∈U(Ω)
{x ∈ Rn : 〈x, u〉 ≤ h(Ω + tΩ∗, u)}
= Ω+ tΩ∗,
where we used that h(Ω∗, u) = 1 for u ∈ U(Ω) and the last equality follows from [14, Theo-
rem 2.2.6]. Since the perimeter is increasing under inclusion of convex sets, we conclude that
|∂Ω̂| ≤ |∂(Ω + tΩ∗)|.
What remains to complete the proof is to show that Ω+ tΩ∗ is an admissible set in the above
maximization problem. That Ω ⊆ (Ω + tΩ∗)t follows from the argument above so we only need
to establish the opposite inclusion. Let x ∈ reg(Ω). Then, with u being the unique normal to
∂Ω at x, we have that
h(Ω + tΩ∗, u) = h(Ω, u) + t.
Since a convex body can be written as the intersection of its supporting half-spaces we conclude
that x+ tu ∈ (Ω + tΩ∗)c implying that dist(x, ∂(Ω+ tΩ∗)) ≤ t. Combining this with the inclusion
of Ω in (Ω + tΩ∗)t we find that reg(Ω) ∈ ∂(Ω + tΩ∗)t. Since almost every point of ∂Ω is regular
the statement follows. 
We are now ready to prove Theorem 1.2. Let t ≥ 0 and let Ω ∈ Kn0 have inradius r. By the
above lemma we have, for any convex body Ω̂ such that Ω̂t = Ω, the bound |∂Ω̂| ≤ |∂(Ω+ tΩ∗)|,
and by Lemma 1.4 any such Ω̂ has the inradius rˆ = r + t. Thus it is sufficient to prove that
|∂Ω| ≥
(
1− t
rˆ
)n−1
+
|∂(Ω + tΩ∗)|.
Using the multilinearity of W and fact that the perimeter of a convex set can be expressed as a
mixed volume we find that
|∂(Ω + tΩ∗)| = nW (B,Ω + tΩ∗, . . . ,Ω + tΩ∗︸ ︷︷ ︸
n−1
)
= n
n−1∑
m=0
(
n− 1
m
)
tmW (B,Ω, . . . ,Ω︸ ︷︷ ︸
n−1−m
,Ω∗, . . . ,Ω∗︸ ︷︷ ︸
m
).
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By Lemma 1.5 there exists x ∈ Rn such that x+rΩ∗ ⊆ Ω. Therefore by the translation invariance
and the monotonicity of mixed volumes we find that
|∂(Ω + tΩ∗)| = n
n−1∑
m=0
(
n− 1
m
)
tmW (B,Ω, . . . ,Ω︸ ︷︷ ︸
n−1−m
,Ω∗, . . . ,Ω∗︸ ︷︷ ︸
m
)
= n
n−1∑
m=0
(
n− 1
m
)
tm
rm
W (B,Ω, . . . ,Ω︸ ︷︷ ︸
n−1−m
, rΩ∗, . . . , rΩ∗︸ ︷︷ ︸
m
)
≤ n
n−1∑
m=0
(
n− 1
m
)
tm
rm
W (B,Ω, . . . ,Ω︸ ︷︷ ︸
n−1
)
= |∂Ω|
n−1∑
m=0
(
n− 1
m
)
tm
rm
= |∂Ω|
(
1 +
t
r
)n−1
.
Rearranging the terms and using that rˆ = r+t one obtains the desired inequality. It is clear from
the argument above that equality holds if and only if Ω = x+ rΩ∗, that is when Ω is homothetic
to Ω∗. This completes the proof of Theorem 1.2.
Deducing Corollary 1.3 is simply a matter of applying the following theorem due to Stein-
hagen [15]. We note that this theorem appeared in the case of planar convex bodies in earlier
work by Blaschke [1], and this simpler case is sufficient for proving the inequality conjectured
in [6].
Theorem 2.2 (Steinhagen’s inequality [15]). Let Ω ∈ Kn0 have inradius r and width ω. Then
the following two-sided inequality holds:
2r ≤ ω ≤ 2√n r if n is odd,
2r ≤ ω ≤ 2(n+ 1)√
n+ 2
r if n is even.
The lower bound is attained if Ω is a ball, and the upper bound is attained if Ω is a regular
(n+ 1)-simplex.
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